Introduction
The empirical regularity that city-size distribution follows a power law has attracted the attention of economists and scientists from the beginning of the XX Century (Auerbach, 1913) . In the context of citysize, a power law states that, within a given urban system, the frequency of cities having a certain population varies as a power of the population itself. Under the hypothesis of a Pareto probability distribution, the log(rank)-log(size) relationship is linear and when the coefficient is equal to -1 it means that we are under the Zipf's law (Zipf's, 1949) . This law implies that the largest city is twice as large as the second largest city, three times the third one and so on along the whole urban hierarchy.
The relevance of Zipf's law in the context of city-size distribution is relevant in at least two respects. The first is connected with the desire to understand why activities distribute across space following a specific pattern. This has been synthesized by the Krugman's claim that a so stable regularity is "spooky" and should find a theoretical explanation (Krugman, 1996: 40) . Another reason for the relevance of this strong statistical regularity in the city-size distribution is that the validity of Zipf's law, together with its stability over time, may set some constraints in the patterns of urban growth. More specifically, the growth trajectories of cities -both in the short and in the long run -could not change the overall city-size distribution. In other words, some cities can grow and some other decline changing their position within the hierarchy of the whole urban system. However, after these slow movements along the urban hierarchy, the size distribution of cities remains stable (Duranton, 2007) . Another reason for the analysis of the shape of city size distribution is to try to understand whether there are different levels of economic efficiency for different shapes of the urban systems (number of cities and their sizes) (Storper, 2013) , although this question is not the object of this paper.
During the last decade, there have been some attempts to provide a theoretical foundation to such regularity in the city-size distribution. Many of these are founded on random growth models, hence on the hypothesis that there is not any dependence between the growth of cities and their initial size. Accordingly, the current size of cities is a function of their past positive and negative shocks. Within this literature, Gabaix (1999) proposes a model where variations in city size are caused by random amenity shocks. Similar approaches, where city size is modelled with productivity shocks, are those by Eeckhout (2004) or Rossi-Hansberg and Wright (2007) , while Duranton (2007) develops a model where changes in city size are driven by innovation shocks. In a more recent paper, Lee and Li (2013) developed a model where a Zipfian city size distribution is determined by many random factors jointly, which may be more or less correlated one with the other. From a more static perspective, Behrens et al. (2010) propose a model where differences in city-size are explained by small differences in their productivity. The latter is in turn dependent on the talent of residents and on the balance between agglomeration economies and congestion costs. Finally, Hsu (2012) , following a Christallerian approach that also considers the location of cities in the geographic space, develops a model where a power law in the city-size distribution is generated from the presence of scale economies in the production of goods.
There is a wide amount of empirical literature aimed at testing the validity of Zipf 's law. On the whole, the Zipf's law was found to describe well city-size distribution and its fitting improves when only cities above a certain threshold -e.g. 100,000 inhabitants -are taken into account (Gabaix and Ioannides, 2004) . In fact, when considering the whole set of cities, a log-normal distribution has a better fit than a Paretian distribution. In addition, Zipf's law was found to be sensitive to the definition of cities. More specifically, functionally defined urban areas seem to better fit to the rank size rule than administratively defined cities (Cheshire, 1999; Rosen and Resnick, 1980) . In studying the city-size statistical distribution of US cities, Berry and Okulicz-Kozaryn (2012) found that once the units of observations are properly defined, the goodness of fit of Zipf's law increases. However, there are only few empirical tests that have been carried out to show that results are affected by the way in which urban units are defined (Rozenfeld et al., 2011) . At the same time, most of the empirical work is on US cities. There are few cross-country analyses on city-size distribution. Among these, it is worth mentioning Rosen and Resnick (1980) and Soo (2005) , which perform cross-country comparison of rank-size rule using both administrative cities and functionally defined urban areas.
This work provides evidence on the fit of Zipf's law for city size distribution at country level and OECD area. In principle, city-size distribution should be analysed at the urban system level. However, it is at least questionable how to identify an appropriate boundary of an urban system (Cheshire, 1999 (Cheshire, : 1344 . Literature focuses mostly on national boundaries, but an urban system should be identified on the base of maximum interaction among cities and the minimum interaction with other urban systems (Vapnarsky, 1969) . In an era of globalisation, national urban systems could be considered too small, since cities are now connected internationally in a global network of socio-economic relationships. This makes worthwhile to investigate whether city-size distribution obey to Zipf's law even at wider spatial scales than the national one, like for example at the level of continent or of the whole set of OECD countries.
This analysis is carried out by using functional definition of cities. The units of analysis -functional urban areas (FUAs) -are consistently identified across countries, using a methodology recently proposed by OECD (2012). In addition, results are compared with those obtained by using traditional administrative city boundaries. To our knowledge, this paper represents the first attempt to analyse city-size distribution across different countries by using a unique definition of FUAs and by comparing the results with administratively defined cities. In addition, the paper verify whether Zipf's law fits also in urban systems that go beyond the boundaries of single countries, like at the level of continents or at the whole system of the OECD countries.
The rest of the paper is organized as follows. Section 2 reviews the empirical literature of Zipf's law, underlying the main findings and open issues. Section 3 describes the data and the method with which the analysis is carried out. Section 4 estimated the rank-size equation for different OECD countries, underlying differences and peculiarities. Section 5 verifies whether Zipf's law fits data considering urban systems wider than country, like at continent level and at the whole OECD level. Finally, Section 6 compares the main results with those obtained using administratively-defined cities and Section 7 concludes.
Zipf's law literature: a reminder
The first condition under which Zipf's law holds is that the size distribution of cities must be approximated by a Pareto distribution, as in [1]:
where S is the city size in terms of population; y is the number of cities with population greater than S; a is a positive constant equal to the population of the largest city. The Zipf's law hold in a special case of this Pareto distribution that is verified when ζ=1. In this case the size of a city times the number of cities with larger size (rank) is constant. More specifically, when ζ=1 the size of the largest city is twice as large as the size of the second largest cities, three times as large of the third one and so on along the whole urban hierarchy.
Zipf's law can be approximated empirically by a deterministic rule called rank-size rule. This can be identified by log transforming [1], obtaining the following linear equation:
where ζ can be estimated with OLS and, under Zipf's hold, it should be close to 1.
However, before trying to verify the validity of Zipf's law, several issues should be considered. First, rank-size rule is an approximation of the Zipf's law. Hence, the latter can still hold when the rank-size rule is only partially verified (Gabaix and Ioannides, 2004) . Second, rank-size rule approximates well the Zipf's law when large cities are taken into account, but not the smallest ones. A lower threshold in the size of cities is necessary to make a linear interpolation fitting well with data. In fact, if small towns are also included in the analysis, then it was found that the city-size distribution is not anymore similar to a Pareto distribution, appearing closer to a lognormal one (Eeckhout, 2004) . This is the reason why the magnitude of ζ is highly sensitive to the truncation point of data. Related with this, some other authors argued that the best approximation of city-size distribution is a combination of a power law distribution (for large cities) and a lognormal distribution for the smallest cities (Parr and Suzuki, 1973; Levy, 2009) .
A third point to be underlined is related to the OLS properties to estimate ζ. As argued by Gabaix and Ioannides (2004) , OLS estimation of ζ is likely to be downward biased, especially for small samples, since the size of the largest cities will appear too big. In addition, OLS standard errors can be also underestimated and, as a consequence, the Zipf's law can be rejected too often. In this respect, Gabaix and Ibragimov (2011) propose a simple way to overcome this problem in OLS estimation by running log(y-1/2) = aζ log(S). In addition, they propose to substitute the standard error with the asymptotical one, equal to (2/n) 1/2 ζ. Another possible way to estimate ζ could be by using the Hill's estimator, which is the maximum likelihood estimator under the hypothesis that city-size distribution follows a power law perfectly. However, given what has been highlighted above, this hypothesis may be too strong to completely rely on the Hill estimator. In addition, Hill's estimator still underestimates standard errors and it is likely to be biased for small samples (Gaibaix and Ioannides, 2004: 2349) .
Finally, the validation of Zipf's law should not rely too much on the statistical acceptance or rejection of the hypothesis that ζ =1. As already argued, this rule cannot be taken too strictly, since rank-size rule is an approximation of the Zipf's law behind it. Hence, as Gabaix and Ioannides (2004) suggest, the empirical debate on Zipf's law should focus more on to what extent such a law fits well data rather than its pure statistical acceptance of rejection. In this respect, an estimated ζ in a range close enough to 1 -it may be between 0.8 and 1.2 -already indicates a certain success of the Zipf's law in describing the city-size distribution in an urban system.
Data and methods

Units of analysis
In order to do international comparison it is fundamental to use comparable units of analysis. In fact, it is well known that different countries have different definitions of cities and these differences can in turn limit to a substantial extent cross-country comparative analyses. This issue is well perceived by policy makers and much work has been done in order to provide a common definition of urban areas that allows for international comparative analyses. In this context, OECD (2012) recently proposed a unique methodology to identify FUAs in different countries and provided data for 29 countries.
FUAs are composed by a core and a commuting hinterland, consistently with most of the algorithms that are used for the same aim (Cheshire and Hay, 1989) . The OECD's methodology applied in this work starts with the identification of the urban core/s of each area. The cores are identified using residential net density thresholds for each 1-square-kilometre cell of a regular grid structure. For European countries, population grid data are provided by the Joint Research Centre for the European Environmental Agency (EEA), while for all the other countries, harmonised gridded population data are provided by Landscan. 1 More specifically, all cells with a population of at least 1,500 inhabitants have been selected as urban core 1.
Source: http://www.ornl.gov/sci/landscan/landscan_references.shtml.
cells. 2 Then, the final identification of the urban core is made by aggregating all contiguous LAU2 regions whose share of area covered by urban core cells is higher than 50% and whose total population is higher than 50,000 inhabitants. 3
The second step consists in verifying whether two or more cores are parts of a single polycentric metropolitan region, instead of considering each core as the centre its own region. This approach makes it possible to detect those regions whose spatial structure is more complex than the traditional monocentric one composed by a single urban core and a surrounding hinterland. Hence, two or more cores are considered as part of the same functional region if at least 15% of resident population in one core commute to the other core. Data on commuting flows at the municipal (LAU2) level are hence needed to catch the relations among different urban cores.
The same data are used for the third and last step of the procedure, which is aimed at identifying the areas of influence of the cores (hinterland). In this respect, all municipalities whose shares of resident population that commute to the core exceed 15% are considered as composing the hinterland of the metro region. This threshold can be seen as arbitrary in certain respects, but is consistent with that used by other official country-based methodologies 4 and followed a sensitivity analysis. A full description of this methodology with results can be found on OECD (2012).
2.
There are exceptions to this threshold for non European countries like Australia, United States and Canada. Please see OECD (2012) for more details.
3.
Although there is a minimum threshold of 50,000 inhabitants for the identification of the urban core, it can happen that the total population of the FUA is slightly lower than that amount. This may happen either because less than 50% of municipal area is covered by urban core cells (so that a municipality is excluded) or because of differences in population data between the Census and gridded population data.
4.
See, for example, Office of Management and Budget (1998) for the United States. Table 1 summarizes the number of the identified FUAs as well as their basic population descriptive statistics for each of the 29 OECD countries that have been included in this analysis. The whole dataset includes 1,179 FUAs of different size, ranging from 40 thousands to almost 33 million inhabitants (Tokyo, Japan). The number of observations by country is also very diverse, reflecting the size of each country and ranging from one single observation in the case of Luxembourg to 262 units in the case of U.S.
City-size distribution at country level
This section provides evidence on the extent to which Zipf's law fits well data on city-size distribution at country level. Consistently with most of the literature, only countries with at least 20 cities are considered. Hence this part of the analysis is carried out for 12 OECD countries only. Tables 2 reports the OLS estimated ζ coefficients both applying the rank-size equation and that proposed by Gabaix and Ibragimov (2011) (G-I) , where rank is in the ln(rank-1/2) form. The table provides also the squared-R and the t-test under the null hypothesis that the coefficient estimated is equal to 1, hence that Zipf's law holds.
Looking at results, it is quite clear that notwithstanding the type of equation estimated (traditional Zipf's equation or G-I corrected version), the estimated coefficients are always close to 1. However, while the t test accepts the hypothesis that ζ =1 only in 3 cases out of 12, the same hypothesis is always accepted using the G-I correction. Gabaix and Ioannides (2004: 2350) suggest that Zipf's law should not be tested, but just estimated, since it should be evaluated for its capacity to fit well data. The high squared-R values (Table 2 ) and a look at Zipf plots in Figure 1 support the hypothesis that Zipf's law well describe the ranksize relationship of urban systems in OECD countries. 
Figure 1 Zipf plot for 12 OECD countries using consistently identified functional areas
Source: Author's elaboration on OECD data.
City-size distribution beyond the country-level
The previous section has shown that Zipf's law fits well the city-size distribution in most OECD countries. Although empirical analysis (Cheshire and Magrini, 2009) show that -even in integrated markets such as Europe -national boundaries strongly affect economic adjustments and spatial disparities, the zipfian shape of city-size distribution is not necessarily confined at country level. Gibrat law, and therefore Zipf law, tends to hold at different spatial scales. Giesen and Südekum (2011) found that Zipf law fits data on German city-size distribution at both national and regional level. By using the OECD definition of FUAs, this paper provides some evidence on the city-size distribution for aggregation of countries. More specifically, OECD countries are aggregated by continent as well as at the level of the whole urban system of the OECD in order to see whether the Zipf law still fits well data. Table 3 , which shows that, even when aggregating countries by continent, the Zipf law fits well data. The coefficient associated to city-size ranges from a minimum of 0.82 for Asia to a maximum of 1.13 for Europe. Consistently to what argued by ESPON (2006) , Europe emerged as the most polycentric continent, while Asia is the one with the highest urban primacy, where the largest cities dominate more strongly the whole urban system. This is measured by the magnitude of the coefficient associated to the logarithm of the city-size: the higher the coefficient in absolute value, the more balanced the spatial structure of the urban system. Surprisingly, the Zipf's law fits very well data on city size distribution when the whole urban system at the OECD level is considered. In this case, the hypothesis of a coefficient exactly equal to -1 cannot be rejected with the standard specification. When the G-I correction is used, the statistical validity of Zipf's law is accepted also for the aggregation of American and Asian countries. 
Does the city definition matter?
This section verifies whether there are substantial differences in the shape of the city-size distribution when using comparable definitions of cities based on economic functions rather than traditional administrative boundaries. The latter have been compared with functional urban areas in some of the 29 countries included in this analysis, with the exception of Canada, US, UK, Ireland, Japan, Korea and Portugal. The latter were excluded because determining the proper administrative boundaries at city level was not obvious. By considering the remaining countries, the first main evidence is that, even using traditional administrative definition of cities, Zipf's law approximates well the actual city-size distribution along the urban hierarchy. This is true both for countries and for larger geographical domains. In fact, the estimated coefficients of equation 2 when using administrative definitions of cities are always included between 0.8 and 1.2 (Table 4 ). Again, the statistical validity of the Zipf's law is more likely to be accepted using the G-I correction.
A closer look at the estimates reported in Table 4 helps highlighting some of the differences that emerge when using different city-definitions. First, when the OECD functional definition of cities is used, the estimated coefficients are always closer to -1 with respect to the case where administrative units are used. This is especially true when city-size distribution is observed beyond the boundaries of single countries. In these cases, two factors might be at the basis of the better fit of Zipf's law with functionally defined cities. First, the actual size of cities should be better defined when economic self-organisation is taken into account, for example through commuting flows. Second, when city boundaries are consistently identified following everywhere the same functional approach, there should be higher comparability, since national administrative boundaries can be very different. For example, the average size of municipal boundaries ranges from less than 2,000 inhabitants for France, Czech Republic and Slovak Republic to more than 50,000 inhabitants for Denmark, Lithuania and UK. Another difference in using administrative rather than functionally defined city-boundaries is visible in Figure 3 . In most of the cases, it emerges that a linear relationship between log(rank) and log(size) of cities fits better by using a functional definition of cities rather than an administrative one. This is already visible by the average higher squared-R reported in Table 4 . In summary, a functional definition of cities does not change substantially the shape of the citysize distribution, but it increases, on average, the goodness of fit of the Zipf's law both at country level and at wider geographical scales.
Concluding remarks
This paper provided new statistical evidence on the shape of the city-size distribution in OECD countries. Such evidence is based on a consistent definition of the units of analysis (OECD, 2012) , which are identified through functional criteria, and allow accounting for a robust definition of the actual economic size of cities. Evidence was found that, on the whole, Zipf's law fits well data on city size distribution. This is true in most of the OECD countries, but also, and even more, for wider geographical entities, including continents and the whole OECD urban system. In other words Zipf's law approximates well the city-size distribution at different scales, which are not confined to national boundaries and that include, according to existing literature (Giesen and Südekum, 2011) , sub-national boundaries. The statistical validity of Zipf's law increases substantially using the corrected equation proposed by Gabaix and Ibragimov (2011) . Results have been compared with those obtained when cities are considered in their traditional administrative boundaries, as defined at a national basis. In this respect, evidence shows that the overall picture does not change substantially when administrative cities are used, but the fit of Zipf's law is lower.
A possible step ahead is to look at whether the shape of the city-size distribution has changed over time, in a long time horizon. This would require an adjustment of city boundaries in the different points in time, which is not an easy task if the actual economic size of cities is to be taken into account. Extending this analysis over time would also make it possible to investigate whether the empirical regularity of the city-size distribution (Zipf's law) is associated with the independency of city growth from city size (Gibrat law) for different countries using comparable spatial units.
